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Thoi gian lam bai 150 phut , khong ké thoi gian phat dé

Bail(2.0d):
a) Giai phuong trinh : v2Xx—1++1—2x = 24/x —x?

. s 1 . :
b) Cho cac s6 a va b thoa man dicu kién Ya+3b=23b 1 ching minh rang —1<a<0.

Bai2 (2.0d):
a) Tim cac sd nguyén a,b,c saochoa+b+c=0vaab+bc+ca+3=0
b) Cho m la s6 nguyén , chimg minh rang néu ton tai cac sd nguyén a,b,c khac 0 sao cho
a+b+c=0vaab+bc+ca+4m=0 thi ciing ton tai cac s nguyén a', b', ¢' khac 0
saochoa'+b'+c'=0vaab +b'c'+ca'+m=0.
) Véik la sé nguyén duong , chirmg minh rang khong ton tai cac sb nguyén a,b,c khac 0 sao cho
atb+c=0vaab+bc+ca+2=0.

Bai3 (1.0d):
Gia st phuong trinh 2x%+2ax+1-b=0co2 nghiém nguyén ( v6i a,b 1 tham 6 ) .
Chtng minh rang a’— b?+21asb nguyén va khong chia hét cho 3 .

Bai4 (3.0d):

Cho tam giac ABC ( AB < AC ) ¢6 cac goc nhon , ndi tiép trong dudng tron tam O . Goi M 1a trung
diém cta canh BC , E 14 diém chinh giita ctia cung nho BC , F 1a diém d6i xing ctia E qua M .

a) Chung minh ring : EB? = EF.EQ

b) Goi D la giao diém cua AE va BC , chirng minh rﬁng cac diém A,D,O,F cung thuoc mot duong tron

c) Goi I la tam dudng tron ndi tiép tam gidc ABC va P 1a diém thay doi trén dudng tron ngoai tiép tam
giac IBC sao cho P,0,F khong thang hang . chimg minh rang tiép tuyén tai P ctia dudng tron ngoai
tiép tam giac POF di qua 1 diém c6 dinh .

Bai5(2.0d):
Dé khuyén khich phong trao hoc tap , mot truong THCS da t6 chirc 8 dot thi cho cac hoc sinh , O
mdi dot thi, co diang 3 hoc sinh dugc chon dé trao giai . Sau khi td chire xong 8 dot thi , nguodi ta
nhan thy rang véi 2 dot thi bat ky ludn c6 ding 1 hoc sinh duoc trao giai & ca 2 dot thi d6 .
Ching minh rang :
a) Co it nhét 1 hoc sinh dugc trao giai it nhat 4 1an .
b) C6 dung mot hoc sinh dugc trao giai ¢ tt ca 8 dot thi .

_ Hét
Thi sinh khong dwgc swr dung tai liéu . Can b coi thi khong gidi thich gi thém .
HO VA 1E1 tIT SINI = ..o - S6 bdo danh :



BAI GIAI PE THI VAO LOP 10 CHUYEN TOAN PTNK NAM 2015
( Lwu Vin Tham - thuc hi¢n)

Bai1(2.0d):

a) Giai phuong trinh : V2x—1++1-2x2 =2x-x> (1)
1 J2 a=+v2x-1
DK: —<x<— . Dat 3 ‘
> > : {b _ m phuong trinh thanh
a+b=42(@*+b*) < (@a+h)’=2@*+b’) = (a-b)’=0<=a=b
X = “1++5 (nhan)
Vaytaco: V2x-1=+1-2x> < 2x-1=1-2x* @ 2x*+2x-2=0<
~1-5 , .
= (loai)
2
Vay nghiém phuong trinh la _1;\@
Cich khéc: Sir dung bt déng thirc BCS ta c6 déu “=" xay ra =2X—1 = \1-2x?
b) Cho cac sb a va b thoa man diéu kién Ya+3b=23b —% , chimg minh ring —1< a<0.

Taco: Ya=3 b—%—%/B<o. Tachimg minh:a>-1<3a>-1< 3,/b—%—§/52—1

o3 b—% >¥b-1e b—%zb—3§/b_2+3§/5—1<:>3(3/b_2—§/5+%)20@(3/5—%)2 >0 (ding)
Vay -1 a<0 (dpcm)

Bai2 (2.0d):

a) Tim cac sd nguyén a,b,c saochoa+b+c=0vaab+bc+ca+3=0
a+b+c=0 a’+b’+c*+2(ab+bc+ca)=0
Ta c¢ = ( ) =a’+b’+c*=6
ab+bc+ca+3=0 |ab+bc+ca=-3
Doab,ceZ=a%b’c’e{0;1:4}=abce{-2:-1;0;1;2} mada+b+c=0néntacod:
[(a; b;c) = (2,-1-1)
(@0;¢) =(=2L1)  v4 c4c hoan vi
b) Cho m la s6 nguyén , ching minh rang néu ton tai cac sé nguyén a,b,c khac 0 sao cho

a+b+c=0vaab+bc+ca+4m=0 thi ciing ton tai cac sé nguyén a', b', ¢' khac 0
saochoa'+b'+c'=0vaab +b'c'+ca'+m=0.

Néucoa+b+c=0suyratrong 3 soa, b, ¢ co hai so 1é¢ mot so chan hoac ca 3 so cung chan.

Néu 2 sé 1é mét sé chdn, khong mét tinh tong quat néu ta gia sir a, b chin; ¢ 1é

Khidoa=2a’+1,b=2b"+1,c=2¢’(a’,b’, ¢’ € 2)

=0=a’+b’+c’+4m=(2a+1)°+ (2b’+1)* + (2¢’)? +4m=4(a’’ +a’ + b’ + b’ + ¢’>+m) + 2 : khong

chia hét cho 4 ma 0 chia hét cho 4 — vo 1y (loai)
b

Viy cd 3 sé déu chan. Ta chon a':%, b'=—, C'=%:>a'+b'+c'=%(a+b+c)=o

2




o ot 4 et s ab+bc+ca —4m
Vatacungcoab+bC+Ca+m=T+m=—+m=O

vay co sd a’, b’, ¢’ thoa dé bai (dpcm)

C) Véik l1a sé nguyén duong , chimg minh rang khong ton tai cac sé nguyén a,b,c khac 0 sao cho
a+b+c=0vaab+bc+ca+2=0

Tl‘ra-l-b+c=0va‘1ab+bc+ca+2k:0tu0ngtucéua)tacé a®+b*+c?=22K=2"
Do a, b, c nguyén va khac 0 nén a’+b?+c?>3=>k>2=2: 4
Via+b+c¢=0nén trong 3 sb a, b, ¢ ¢o hai s 1¢ mot sb chin hoac ca 3 s6 cung chan.
TH1: 2 sé 1é mgt sé chdn, khong mat tinh tong quat néu ta gia sir a, b chén; ¢ 1é
Khidéoa=2a’+1,b=2b"+1,c=2¢’(a’,b’, ¢’ € Z)
=a’+b’+c’ = (2a+1)°+ (2b*+1)? + (2¢’)? =42’ +a’ + b2+ b’ + ¢’ + 2 : khong chia hét cho 4 (loai)
TH2: Cd 3 sé déu chan. Khi d6 ta goi p 1a s6 tu nhién 16n nhét sao cho a, b, ¢ cting chia hét cho 2°
nghiald a=a’.2", b=b’.2°, c=c’.2". (a’, b’, ¢’ nguyén khac 0 va trong do ¢ it nhat mot s6 1¢)
Khidotaco a®+b*+c?=2"" < @2+ b2+ c?)2¥ =2 a? + b2 + 2= 2%,
Tuong tu trén do a’, b’, ¢’ khac 0 nén k — 2p > 2 nén 2% chia hét cho 4
maa’,b’, ¢’ nguyén khic 0 va trong do c6 it nhat mot s 16 nén a’? + b’ + ¢’ khong chia hét cho 4
nén truong hop 2 ciing khong xay ra.
Vay khong ton tai cac sé nguyén a,b,c khac 0 sao choa+b+c=0vaab+bc+ca+2=0 (dpcm)

Bai3 (1.0d):
Gia st phuong trinh 2x? + 2ax + 1 —b =0 (1) ¢6 2 nghiém nguyén ( v6i a,b 1a tham s6 ) .
Chung minh rang a?— b%+21asb nguyén va khong chia hét cho 3 .

Trudc hét ta ching minh so6 chinh phuong khong thé chia 3 du 2 (tu chiing minh) (*)
Giastra’— b*+2chiahétcho3=a’— b’+2=3n (ne€ Z)=>a’= b*+3n—-2
(1) C6 2 nghiém nguyén x; ; X2 nén theo dinh ly Viet ta c6 x; + X, =—a = a nguyén
a, x nguyén (1) = b = 2x* + 2ax + 1 1a s6 nguyén 1¢ = a’ — b*+2 1a s nguyén.
b 1a s6 nguyén Ié suy ra b c6 dang b= 6m £ 1 hoic b = 6m + 3 (mnguyén)

TH1: b=6m+1=a*=(6m=1)*+3n-2=36m°+12m+1+3n-2=3(12m*£4m+n—1) +2
suy raa’chia3 du2 -voly

TH2:b=6m+3: a®=(6m+3)*+3n—-2=36m"+36m+9+3n—-2=3(12m* +12m+n+2) +1
(1) ¢6 2 nghiém nguyén => A’ 1a s6 chinh phuong
ma A’ =a’—2(1-b) =3(12m° +12m+n+2) + 1+ 2(6m + 3) — 2 =3(12m* + 16 m + n +3) +2
=> A’ chia 3 du 2 nén ciing khong thé 1a s6 chinh phuong

Vay a® — b?+2 1a s6 nguyén va khong chia hét cho 3 (dpem)

Bai 4 (3.0d):

Cho tam gidc ABC ( AB < AC ) ¢6 cac goc nhon , ndi tiép trong dudng tron tim O . Goi M 1a trung
diém ciia canh BC , E 1a diém chinh giira ctia cung nho BC , F 1a diém d6i xtmg ctia E qua M .

a) Chung minh rang : EB? = EF.EO

b) Goi D la giao diém ctia AE va BC , chitng minh rang céc diém A,D,O,F cung thuéc mot dudng tron

¢) Goi I la tim duong tron noi tiép tam giac ABC va P 1a diém thay doi trén duong tron ngoai tiép tam
giac IBC sao cho P,0,F khong thiang hang . chimg minh rang tiép tuyén tai P ctia dudng tron ngoai
tiép tam giac POF di qua 1 diém c6 dinh .




a) Xét hai tam giac can BEF va OBE c6 hai
goc & day chung 1a OEB nén chung dong
dang, tir day suy ra EB*=EF.EO

b) Do A BDE dong dang A ABE nén tir ciu a)
suy ra EB?>=ED.EA=EF.EO, ta ¢c6 dpcm

c) Tacod ”"BIE ="BAI + “BIA ="AC + "IBC
=/ EBC + "IBC ="IBE = AEBI can tai E
= El = EB = EC = E la tdm duodng tron

ngoai tiép ABCI

Do EP? = EB%= EF.EO nén AEFP ~A EPO
— "FPE = "POE (1)

Goi K 1a tim duong tron ngoai tiép APFO.

V& tiép tuyén Px tiép xuc v6i K tai P

= FPX :%deP —FOP=EOP=FPE =

Px tring tia PE = Px qua E ¢6 dinh (dpcm)

Bai5 (2.0d):
Dé khuyén khich phong trao hoc tap , mot truong THCS di t6 chic 8 dot thi cho cac hoc sinh , O
mdi dot thi , ¢6 dang 3 hoc sinh dugc chon dé trao giai . Sau khi t6 chtic xong 8 dot thi , nguoi ta
nhan thiy rang v6i 2 dot thi bat ky ludn c6 dung 1 hoc sinh dugc trao giai ¢ ca 2 dot thi do6 .
Chung minh rang :
a) Co it nhat 1 hoc sinh dugc trao giai it nhat 4 1an .
b) Co diing mdt hoc sinh duoc trao giai & tat ca 8 dot thi .

Ta biéu thi mdi hoc sinh bang mot diém trén mat phang sao cho khong ¢ 3 diém nao thang hang.
O mbi dot thi ¢6 dung 3 hoc sinh dugc trao giai: ta ndi 3 diém biéu thi 3 hoc sinh d6 bang mot tam
giac (khong ndi hai diém bat ky), 8 dot trao giai ta c6 8 tam giac. Hai dot thi bat ky ludn c6 ding 1
hoc sinh duoc trao giai & ca 2 dot thi d6 twong tng voi hai tam giac bat ky c6 ding mot diém chung.

a) Xét AABC bat ky trong 8 tam giac trén, vi 7 tam gidc con lai mdi tam giac déu c6 mot dinh chung
Véi tam giac ABC, theo nguyén 1y Dirichlet c6 it ndt mot dinh cua AABC 1a dinh chung véi 3 trong 7
tam gi4c trén, cing véi AABC thi trong 3 diém A. B, C c6 it nhat mot diém 1a dinh chung cua it nhat
4 tam giac, twong GNg Vi diéu nay 1a cé it nhat mot hoc sinh dugc trao giai it nhat 4 1an (dpem)

b) Khong mat tinh tong quat ta gia sir A 1a dinh chung cuia 4 tam gidc, ta ching minh tat ca cac tam giac
déu nhan dinh A 1a dinh chung.

Xét ADEF bét ky néu tam giac nay khong c6 dinh nao trung v6i dinh A ma 4 tam giac di c6 dinh
chung 13 A mdi tam giac déu c6 mét dinh chung véi ADEF diéu nay vé 1y vi ADEF chi ¢ 3 dinh ma
2 tam giac chi c6 dung mot dinh chung.

Vay ca 8 tam giac déu c6 dinh chung 13 A, trong ng véi didu nay 1a c6 dang mot hoc sinh duoc
trao giai trao giai ¢ ca 8 dot thi.




